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Abstract
The concept of ‘trajectory’ facilitates understanding of how a ‘nonstandard’ measure-
ment of an observable like ‘time of decay’ can be described in quantum mechanics. In
particular, we point out an importance of the Bohm model in properly taking into account
the effect of wave packet spreading whose role in CP violation experiments is nontrivial




In quantum mechanics, all standard measurements are described in terms of hermitian
operators. Even for an observable for which there exist no directly corresponding hermitian
operator, measurement of it can ulimately be reduced to the measurement of some hermitian
operator. For example, when one measures wavelength of light, one is actually measuring po-
sition corresponding to fringe spacing. Other quantities like mass are also nally measured in
terms of position noted from mass spectrograph. This leads to the question as to whether any
non-hermitian operator can, in principle, be measured. The usual textbook justication is that
a nonhermitian operator is not measurable since its eigenvalue is, in general, complex. However,
this is not an adequate argument because the real and/or imaginary components can correspond
to observables. This occurs, for instance, in decay processes where the eective Hamiltonian is
complex with its real and imaginary parts corresponding to mass and decay rate respectively.
An example of particular relevance is the physics of the nonorthogonal jKL > (long-lived kaon)
and jKS > (short-lived kaon) states which are eigenstates of a non-hermitian eective Hamil-
tonian. The experimentally measured distinction between these two states is crucial for the
inference of CP-violation in weak interactions of particle physics [1]. On the other hand, there
is a theorem based on general quantum mechanical considerations that any measurement of a
nonhermitian operator with nonorthogonal eigenstates would lead to superluminal signalling
using EPR-Bohm type quantum nonlocal correlations [2].
It is thus necessary to take a closer look at the CP violation experiment to examine how
actually CP violation is inferred. Our analysis reveals an important role of the Bohm model in
this context. We contend that this is in general true for time of decay measurements seeking
to detect delicate quantum eects like, say, the departure predicted from exponential decay
for very short times. This has gained recent importance in the arena of unstable nuclei where
interesting departures from exponential decay have been observed [3].
We begin by providing a simple general argument against the measurability of a nonhermi-
tian operator if a measurement process is described by linear and unitary quantum mechanics.
Let jψ1 > and jψ2 > be the eigenstates of an observable. The measured state is, say,
jΨ >= ajψ1 > +bjψ2 > (1)
and the apparatus is in an initial state jA0 >. Linearity demands that the system-apparatus
state jΨ > jA0 > evolves by measurement interaction as
ajψ1 > jA0 >! ajψ1 > jA1 >
bjψ2 > jA0 >! bjψ2 > jA2 > (2)
From unitarity, it then follows
ab < ψ1jψ2 >= ab < ψ1jψ2 >< A1jA2 > (3)
Now, if the states ψ1 > and ψ2 > are nonorthogonal eigenstates of a nonhermitian operator,
i.e., < ψ1jψ2 > 6= 0, then Eq(3) cannot be satised for any measurement in which the two
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distinguishable states jA1 > and jA2 > are orthogonal. Hence, according to standard quantum
mechanics, nonhermitian operators cannot be measured if measurement processes are linear
and unitary.
Now, turning to time of decay measurements, obviously time of decay is not represented
by any hermitian operator. Hence, time of decay has to be inferred from measurement of an
appropriate hermitian observable. Usually this involves measurement of position/momentum
of decay products. In the theory of scattering and decay processes, one describes the decaying
particles as well as the decay products in the asymptotic limit by plane waves. However, such
an idealization leads to diculties in the proper inference of the results of relevant experiments,
particularly in the inference of CP violation in experiments involving kaon decay [4]. To be
more realistic, one needs to use wave packets instead of plane waves. The important point
is that the spreading of wave packets can lead to considerable departures from the predicted
coordinates of the decay products. Such departures turn out to be signicant in the inference of
results such as CP violation and nonexponential decay behaviour which need extremely precise
measurements. We shall now elaborate on this.
First, we recapitulate a few basic features of CP-violation [5]. C(charge conjugation) and
P(parity) are two of the fundamental discrete symmetries of nature, the violations of which
have not been empirically detected in phenomena other than weak interactions. If a third
discrete symmetry T(time reversal) is taken into account, there exists a fundamental theorem
of quantum eld theory, viz., the CPT theorem which states that all physical processes are
invariant under the combined operation of CPT. However, there is no theorem forbidding the
violation of CP symmetry. In fact, there have been several experiments to date [6], starting
from the pioneering observation of Christenson, Cronin, Fitch and Turlay [5], that have revealed
the occurrence of CP violation through weak interactions involving the particles K0 and K0.
The eigenstates of strangeness K0 (s = +1) and its CP conjugate K0 (s = −1) are produced
in strong interactions, for example, the decay of  particles. Weak interactions do not conserve
strangeness, whereby K0 and K0 can mix through intermediate states like 2pi, 3pi, piµν, pieν, etc.
The observable particles, which are the long lived K-meson KL, and the short lived one KS,
are linear superpositions of K0 and K0, i.e.,
jKLi = (pjK0i − qj K0i)/
√
jpj2 + jqj2 (4)
jKSi = (pjK0i+ qj K0i)/
√
jpj2 + jqj2 (5)
which obey the exponential decay law jKLi ! jKLiexp(−ΓLt/2)exp(−imLt) and analogously
for jKSi, where ΓL and mL are the decay width and mass respectively of the KL particle. It
follows from (4) and (5) that
hKLjKSi = jpj
2 − jqj2
jpj2 + jqj2 (6)
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CP violation takes place if the states jKLi and jKSi are not orthogonal. Through weak
interactions KS decays rapidly into channels such as KS ! pi+pi− and KS ! 2pi0 with a
mean lifetime of 10−10s, whereas, the predominant decay modes of KL are KL ! pieν (with
branching ratio  39%), KL ! piµν( 27%), and KL ! 3pi( 33%) [6]. The CP violating
decay mode KL ! 2pi is extremely rare (with branching ratio  10−3) in the background of
the other large decay modes. The momenta and locations of the emitted pions are important
since the key experimental signature is to detect the 2pi particles coming from the decay of KL
and identify them as coming from KL and not KS.
In a typical experiment to detect CP violation, an initial state of the type
jψii = (ajKLi+ bjKSi) (7)
is used which is a coherent superposition of the KL and KS states. Such a state has been
produced by the technique of ‘regeneration’ [7] which has been used in a large number of
experiments [6]. The common feature of all these experiments is the measurement of the vector
momenta
!
pi of the charged decay products pi
+pi− or 2pi0 from the decaying pions. It is only
the type of instrument used for actually measuring the momenta that varies from experiment
to experiment.
We consider a single event in which the two emitted pions from a decaying kaon are detected





p2, the trajectories followed by the individual pions are retrodictively inferred assuming
that they have followed classical trajectories. The point of intersection of these retrodicted
trajectories is inferred to be the point from which the decay products have originated from the
decaying system. In other words, what is technically known as the \decay vertex" is determined






p2. Once the decay
vertex and the kaon momentum is known, one estimates the time taken by the decaying kaon
to reach the decay vertex from the source, again using at this stage the idea of a classical
trajectory. If this time turns out to be much larger than the KS mean lifetime ( 10−10s), one
infers that the detected 2pi pair must have come from KL which, as already mentioned, is the
signature of CP violation.
It is thus evident from the above discussion that the assumption of a classical trajectory
of a freely evolving particle (decaying kaon as well as pion) is a key ingredient in inferring
CP violation in such experiments. However, within the standard interpretation of quantum
mechanics, the very concept of a trajectory of a particle is regarded to be inadmissible. One
possible argument could be to associate localized wave packets with the emitted pions and
kaons, and to use the fact that their peaks follow classical trajectories in the case of a free
evolution. But then, there would be inevitable spreading of these wave packets. It is thus
important to consider a quantitative estimate of this behaviour for the experiment discussed
here. Let us quantify the resulting error or fluctuation due to the spreading of a wave packet by
taking into account the actual distances involved in the relevant experiments. This is especially
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crucial in the present context because the CP violation eect is exceedingly small; branching
ratio of the CP violating decay mode KL ! 2pi is 10−3. We take dimension of the wave packet
of the kaon at the time of its production to be typically of the order of 1f , i.e., its initial spread









After the kaon travels about 300KS decay lengths ( 10m), which is the usual distance involved
in the relevant experiments, one obtains σ = 105m {an astonishingly large number ! One may
counter this by taking recourse to the essentially nonrelativistic approximation used in this
calculation. However, the prediction of CP violation in the relevant experiments can be formally
described adequately in terms of the Schrodinger equation (see [1] and references therein). A
second quantized treatment in which particle creation and annihilation occur is not required
for the experiments concerning CP violation. Nevertheless, even if relativistic corrections alter
the value of sigma by several orders of magnitude, the spread would still be too large for
unambiguously inferring CP violation in such experiments. Surprisingly, in none of the CP
violation experiments performed to date this point has been considered.
In order to take into account this appreciable eect of wave packet spreading, the Bohm
model (BM) can play a key role in estimating accurately the position of decay vertex from
observed position/momentum of decay products. For this, we rst briefly recapitulate the
key elements of BM. BM provides an ontological and self-consistent interpretation of quantum
mechanics in terms of particle trajectories [8,9,10]. Predictions of BM in all usual experiments
are in agreement with that of standard quantum mechanics. In BM a wave function ψ is taken
to be an incomplete specication of the state of an individual particle. An objectively real
\position" coordinate (\position" existing irrespective of any external observation) is ascribed
to a particle apart from the wave function. Its \position" evolves with time obeying an equation









+ V (x)ψ (9)
by writing
ψ = ReiS/h¯ (10)







for the probability distribution ρ(x, t) given by
ρ = jψj2. (12)
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It is important to note that ρ is ascribed an ontological signicance by regarding it as repre-
senting the probability density of \particles" occupying actual positions. In contrast, in the
standard interpretation ρ is interpreted as the probability density of finding particles around
certain positions. Setting (ρv) equal to the quantum probability current leads to the Bohmian









The particle trajectory is thus deterministic and is obtained by integrating (13) for a given
initial position.
Now let us examine the nature of Bohmian trajectories in the case of a wave packet. An
ensemble of particles distributed over a wave packet possess dierent ontological positions. It
can be shown that particles initially at the centre of the wave packet follow classical trajecto-
ries [9]. But all particles with initial positions away from the centre of the wave packet follow
nonclassical Bohmian trajectories. The postion of any particle at a time t2, denoted by X(t2),
can be computed given its initial position X0 and velocity v0 at time t1. The magnitude of
departure from classical trajectories is embodied in the second term of the following relation
(see Ref. [9])








Therefore in BM one can retrodict the trajectories for pions and decaying kaons, given the
measured vector momenta of the pions. This then enables to calculate the spread in decay
time for the decaying kaons. On the other hand, in the absence of any equation of motion for
trajectories within standard quantum mechanics, it is hardly possible to calculate consistently
this spread which is crucial to know in estimating accurately when the kaons have decayed into
2pi pairs which have originated from KL. Thus the analysis of the experiments concerning CP
violation can only be made more precise by using BM.
This analysis suggests that it should be worthwhile to look for similar such examples where
BM can help to remove the inadequacy of the standard framework. An interesting area for
further study would be to analyse in terms of Bohmian trajectories the recently claimed exper-
imental detection of minute departure from exponential behaviour in quantum tunelling [11].
Such studies are of course different from showing any new consequence of BM that is not ob-
tainable within the standard framework. Nevertheless, such investigations should be useful in
assessing the relative merits of BM vis-a-vis the standard model of quantum mechanics.
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